In the present paper, we discuss an obstruction theory to modify equivariant framed maps on even-dimensional compact smooth manifolds to homology equivalences by equivariant surgery. In 1974, Cappell-Shaneson already developed such obstruction theory in the nonequivariant setting. Our definition of the surgeryobstruction group presents a new aspect of Cappell-Shaneson's group in the nonequivariant setting and enables us to define directly the surgery obstructions of certain framed maps that are not necessarily connected up to the middle dimension. Using our framework defining the equivariant surgery obstruction, we prove a basic conjecture related to geometric connected sums and algebraic sums of surgery obstructions.
§1. Introduction
Throughout the present paper, let G be a finite group and Y a compact, connected, oriented, smooth G-manifold of even dimension n = 2k ≥ 6. We set
where EG is a contractible G-CW complex with free G-action. Let ζ denote the canonical homomorphism G Y → G (G = π 1 (BG)). The group G Y acts on the universal covering space Y of Y so that the projection map Y → Y is ζ-equivariant (see [4] ).
Each oriented G-manifold Z determines the orientation homomorphism w Z : G → {1, −1}. The value w Z (g) at g ∈ G is equal to 1 
The orientation homomorphism w Z above induces an involution ρ Z on R [G] such that ρ Z (rg) = w(g)rg respectively. Let f : X → Y be a degree-one, one-connected, G-framed map satisfying the gap condition
where X is a compact, connected, oriented, smooth G-manifold of dimension n and f is covered by a G-vector bundle map T (X) ⊕ f * η → ξ for some Gvector bundles η and ξ over Y . Since f is one-connected, the induced map π 1 (X) → π 1 (Y ) must be surjective. We give the precise definition of a Gframed map in Section 2. Since f : X → Y is a degree-one map, the orientation homomorphism G → {1, −1} given by X coincides with that given by Y . Set with quadratic form parameter, we obtain an abelian group Γ (−1) k (F X,R ) N .
Let f * Y denote the induced covering space on X from Y by f and let
denote the canonical homomorphism. First, consider the case where f is k-connected. Then G X = G Y and X = f * Y . Similarly to [2] , one would obtain an element σ CS (f ) in Γ (−1) k (F X,R ) N (= Γ (−1) k (F f * Y ,R ) N ) and σ CS (f ) would vanish if and only if f could be converted to an R-homology equivalence f : X → Y by G-surgery on X reg . Next, consider the case where f is not necessarily k-connected. Then we convert f to a degree-one, k-connected, G-framed map f : X → Y by G-surgery on X reg . One would define σ CS (f ) in Γ (−1) k (F X ,R ) N (not in Γ (−1) k (F X,R ) N ) to be the element σ CS (f ) as was done in [2] . (Note that
But this framework defining σ CS (f ) is not best for study of surgery problems. To observe it, take a degree-one, k-connected, G-framed map f 0 : X 0 → Y 0 such that Y 0 is a 2k-dimensional homology disk with nontrivial fundamental group, such that the restriction ∂f 0 : ∂X 0 → ∂Y 0 is the identity G-framed map on ∂X 0 , hence on ∂Y 0 , and such that for some point x 0 ∈ X G ∂X, the restriction of f 0 to a small neighborhood of x 0 is the identity G-framed map. Then we can consider the G-connected sum
at the point x 0 (= f 0 (x 0 )). In this situation, we would conjecture Conjecture 1.1.
The equality
If we attempt to prove the conjecture within the framework above, we have to take a degree-one, k-connected, G-framed map f 2 : X 2 → Y 0 which is Gframed cobordant to f 1 and realize the abstract object σ CS (f 1 ) as the concrete one σ CS (f 2 ). But it is not easy to see what f 2 is actually, and therefore it is not easy to prove the conjecture within the framework above.
In order to overcome the difficulty, we shall introduce an abelian group Γ (−1) k (F X,R ) M as well as canonical homomorphisms
In addition, we shall show that the homomorphism
is an isomorphism (Theorem 3.1). We shall define an R-suitable, G-framed map in Section 2 which is a slight generalization of a k-connected, G-framed map.
We shall show the equality
In fact, we shall prove the next theorem in this paper.
Assume the gap condition (GC) and the following.
(3) The restriction ∂f : ∂X → ∂Y is an R-homology equivalence.
Then following (I) and (II) hold:
is an invariant of the G-framed cobordism class of f f f relative to the boundary and the singular set.
We shall verify Conjecture 1.1 in a general setting: namely, as Theorem 1.2 below. So as to take a geometric connected sum of f f f , f f f and id id id Y , we invoke the next. 
where D x 1 and D y 0 are the unit disks of V and V y 0 concerned with some H-invariant inner-product and some G-invariant inner-product, respectively. Allow us to regard f | V : V → V y 0 as the identity map and suppose ( for the details see Section 3 of [8] ). There is canonically defined an induction homomorphism 
where
Applying our equivariant surgery theory, we can decide which closed smooth manifolds can occur as the G-fixed point sets of smooth actions on spheres for a perfect or nilpotent Oliver group G, which is discussed in [8] .
The rest of the paper is organized as follows. In Section 2, we define a G-framed normal map f f f , the notion of R-suitable and the (−1) k -quadratic module α(f f f ) associated with R-suitable f f f . In Section 3, we observe basic properties of λ-quadratic modules over F, define the groups Γ λ (F) M and Γ λ (F) N , and discuss basic properties of the groups. In particular, we refer to an isomorphism from Γ λ (F) N to the Bak group (Theorem 3.2). In Section 4, we define the element σ(f f f ) for R-suitable f f f and give a cobordism-invariance the-
. In Section 5, we define σ CS (f f f ) and prove Theorems 1.1 and 1.2.
§2. R R R-suitable G G G-framed Maps and Associated Data
Let G be a finite group, R a commutative ring with unit, and X, Y compact, connected, oriented, smooth G-manifolds. Unless otherwise specified, we invoke the gap condition (GC) on X. In the case where a relevant G-map f : X → Y is clear from the context, we denote f * Y by X. Let G and G denote G X and G Y , respectively. Then G acts on X, and G acts on Y as well
Since the G-action on X satisfies the gap condition, the G-action on X and the G-action on X both fulfill the gap condition. For a G-map f : X → Y , let M f and f denote the mapping cylinder of f and the map X → Y covering f , respectively. The map f is regarded as a G-map.
) is of degree one, then we say that f f f is of degree one. Similarly, if f : X → Y is an R-homology equivalence (resp. homotopy equivalence), then f f f is said to be an R-homology equivalence (resp. homotopy equivalence).
Let p be a prime and
Here the one-connectivity means that f # :
with an immersion h x . By using h x : S k → X for each x ∈ Π(f ), we get the ordinary intersection form
and hence the equivariant intersection form
given by
. By virtue of the bundle datum b, the vector bundle T (S k )⊕ν(S k X) is stably trivial. By Hirsch's immersion-classification theorem, the ingredient h x of diag(x) can be chosen so that the normal bundle is trivial, moreover such an immersion is uniquely determined up to regular homotopies. Thus, we obtain the self-intersection form
then by counting the number of appropriately signed selfintersection points of the immersion p a • h x set in a general position which do not arise from self-intersection points of h x , we obtain the self-intersection form
where p a is the projection
and w is the orientation homomorphism G → {1, −1} associated with X. Set
Let R be a commutative ring with unit, and let ( Q) R denote the (−1)
We decompose G to a disjoint union:
For a ∈ G, we set
.
We define the equivariant self-intersection form
by using µ e , µ a above for a ∈ G(2) Q and
We shall define an element σ(f f f ) which will be an obstruction to converting f f f by G-surgery on the regular set of X to a
For the goal, we have the following necessary conditions derived from the Smith theory:
The element σ(f f f ) will be defined for f f f such that
) are isomorphisms for all i < k; and the canonical map
Since f is of degree one, the
via the canonical homomorphism. Note that if f is k-connected, then (S3) is automatically satisfied. In order to avoid difficulties caused by the existence of boundaries, we invoke the additional condition:
is one-connected, of degree one, and satisfies (S1)-(S4).
is an epimorphism,
compatible with ϕ above: namely,
Since ϕ is essentially the Poincaré pairing, ϕ is nonsingular, namely the adjoint map Φ :
is induced from µ, where
The next lemma follows from standard arguments (see [10, 5] ).
, and 
The datum (A, −, λ, Λ) is referred to as a form ring. A homomorphism (or morphism)
of form rings is a ring homomorphism ψ : A → A such that ψ preserves the involution and the form parameter: namely, ψ(a) = ψ(a) for all a ∈ A and
H is a finitely generated stably free A-module, (H, B) ;
for all a, a ∈ A, x, x ∈ H, y, y ∈ H.
A typical example of a λ-quadratic module over F is the λ-hyperbolic plane
which is given as follows:
(1) H is a free A-module with basis {x 1 , x 2 } and H is a free A-module with basis {y 1 , y 2 },
A λ-quadratic module over F isomorphic to
H H H(A m ) = H H H(A) ⊥ · · · ⊥ H H H(A) (the orthogonal sum)
is called a λ-hyperbolic module. Let α = (κ : H → H, ϕ, µ, ϕ) be a λ-quadratic module over F. We mean by −α the λ-quadratic module (κ : H → H, −ϕ, −µ, −ϕ) over F. A finitely generated A-submodule L of H is called a pre-Lagrangian (or presubkernel) if the following conditions are satisfied:
A λ-quadratic module over F is called a null module if it admits a preLagrangian. Clearly, a λ-hyperbolic module is a null module. For an arbitrary λ-quadratic module α over F, α ⊥ −α is a null module.
Lemma 3.1. Let α = (κ : H → H, ϕ, µ, ϕ) be a λ-quadratic module over F and K an A-submodule of H such that κ(H) = κ(K). Then α ⊥ −β is a null module, where β = (κ|
K : K → H, ϕ| K×K , µ| K , ϕ) and ⊥ stands for the orthogonal sum. Proof. The submodule L = {(x, x) ∈ H ⊕ K | x ∈ K} is a pre-Lagrangian of α ⊥ −β.
Lemma 3.2 cf. [2, Lemma 1.2].
For each λ-quadratic module α = (κ :
ϕ, µ, ϕ) over F, there exists a λ-quadratic module α = (κ : H → H, ϕ , µ , ϕ) such that H is a free A-module and α ⊥ −α is a null module.
Proof. Since H is finitely generated over A, there exists an A-epimorphism f : H → H such that H is a finitely generated free A-module. We define the ingredients of α by setting κ
We say that λ-quadratic modules α and α over F are equivalent and write α ∼ α if there exists a null module β such that α ⊥ −α ⊥ β is a null module.
The next lemma is significant for understanding surgery theory.
Lemma 3.3 cf. [2, Lemma 1.3]. A λ-quadratic module α over F is equivalent to 0 if and only if there exists a λ-hyperbolic module H H H(
Proof. This follows from the arguments in the proof of [2, Lemma 1.3].
Let M denote the category of λ-quadratic modules over F and let N denote the full subcategory of M consisting of α = (κ : H → H, ϕ, µ, ϕ) such that the induced map H A → H from κ is an isomorphism, where
F( µ(x)))] for x ∈ H, where µ(x) ∈ A is a lifting of µ(x).
Let C = M or N and let Γ λ (F) C denote the set of all equivalence classes of λ-quadratic modules over F belonging to C. Then Γ λ (F) C is an abelian group under the addition induced by orthogonal sum. Clearly, there is a natural homomorphism The natural homomorphism ι :
Proof. First, we show the injectivity of ι. Let α be an object of N represents 0 in Γ λ (F 
. , γ(x m ). Since H ∼ = H, H A is naturally isomorphic to H . Set
Proof. We regard A as a subring of A via ψ. First, we prove the injectivity of ψ * . It suffices to show α ∼ 0 for an arbitrary λ-quadratic module α = (H, ϕ, µ) ∈ N over F such that α A ∼ 0, where α A = (H A , ϕ A , µ A ) Next, we prove the surjectivity of ψ * in the strongly locally epic case. For a group G and a subset S of G, we define 
is an isomorphism, where F is the canonical homomorphism
Proof. First, we prove the surjectivity of ρ. So, let σ be an arbitrary element of the group W 
. , y m } be an R[G]-basis of H. Then (H, ϕ, µ) ⊥ −(H, ϕ, µ) ∼ = H H H(R[G]
m ).
Let (R[ G] 2m , Φ, M) stand for the λ-hyperbolic module H H H(R[ G]
m ) and let 
Next, we prove the injectivity of ρ. Let σ ∈ Γ λ (F) be an element such that ρ(σ) = 0. We are going to show σ = 0. Let α = (κ : H → H, ϕ, µ, ϕ) be a λ-quadratic module over F representing σ. Without loss of generality, we can suppose that 
Note the property
We shall prove in Step 1 that ϕ(y, y ) = 0 implies ϕ(τ (y), τ(y )) = 0, and in
Step 2 that ϕ(y, y) = 0 and µ(y) = 0 imply µ(τ (y)) = 0, where y, y ∈ H. Once these were shown, we can conclude that if
Step 1. Let ϕ e : H × H → R be the e-component of ϕ :
where e is the identity element of G.
Hence, the equality
holds for all y, y ∈ H. Clearly, ϕ(τ (y), τ(y )) vanishes if and only if ϕ(y, y ) does.
Step 2. Suppose ϕ(y, y) = 0 and µ(y) = 0. By Step 1, we get ϕ(τ (y), τ(y)) = 0. Now we decompose G to a disjoint union of the form
Then we can regard µ(y) as the formal sum
Next, note that if p is an odd integer and a ∈ G q ∩ Q, then R a = R/2R = 0, and hence µ a (τ (y)) = 0.
It remains to consider µ a (τ (y)) for a ∈ G q ∩ Q and p = 2. In this case, π is of odd order. Let g ∈ G q . By definition, we have
In particular, if the identity element e belongs to G q , then µ e (y) = µ e (τ (y)), since π is of odd order. This implies µ e (τ (y)) = 0. Suppose and g is a dihedral group. Since c(c
Thus, we have µ g (τ (y)) = 0 as well as
Putting all together, we have shown µ(τ (y)) = 0.
§4. The G G G-surgery Obstruction and G G G-framed Cobordism Invariance
Let X be a compact, connected, oriented, smooth G-manifold of dimension n = 2k ≥ 6 satisfying the gap condition (GC) and let X denote the universal covering space of X. The group rings R [G] and R[ G] over a commutative ring R have the involutions derived from the orientation homomorphisms of X and X, respectively (see Section 2). Let λ = (−1)
k . The sets
and
denote the canonical homomorphisms. Then by Proposition 3.1,
is an isomorphism.
Here we would like to remind readers that F Z,R coincides with F X,R in Section 1.
Definition 4.1.
We define the element σ(f f f ) ∈ Γ λ (F X,R ) to be the equivalence class of α(f f f ).
The element σ(f f f ) is a G-surgery obstruction in the following sense. 
Let f f f be as above and ζ : G → G the projection map, where
Then the canonically induced homomorphism
from F Z,R coincides with F f * Y ,R in Section 1. In the remainder of this section, we study the λ-quadratic module
A G-framed cobordism relative to the boundary and the singular set between degree-one, G-framed
where I = [0, 1], satisfying the following:
where the inward (resp. outward) normal bundle of X − (resp. X + ) in W is identified with ε X (R) (resp. ε X (R)).
, be Rsuitable G-framed maps of dimension n = 2k ≥ 6 such that X and X satisfy the gap condition (GC). In the case R = Z, further suppose
If f f f and f f f are G-framed cobordant relatively to the boundary and the singular set, then
Proof. We prove the theorem under the assumption ∂X = ∅. Since any degree-one, G-framed map is G-framed cobordant relatively to the boundary and the singular set to a degree-one, k-connected, G-framed map, it suffices to prove the theorem in the case where f f f is k-connected. Let F F F = (F, B), F : W → I × Y , be a G-framed cobordism relative to the boundary and the singular set between f f f and f f f . By performing G-surgery on W reg , we may suppose that F is k-connected. Then observe the exact sequence
where the coefficient ring is R. By performing handle subtraction for suitable
, we can kill the homology kernel
, but it does not change the class σ(f f f ). Consequently we get the exact sequence 
Since U/N is a smooth manifold with a bundle datum, π k+1 ((Ψ| ∂U )/N ) has the ordinary intersection form and the self-intersection form. Moreover, π k+1 (Ψ| ∂U ) has the equivariant intersection form
and the equivariant self-intersection form
Let ϕ 1 denote the equivariant intersection form on K k (∂W ) over R [G] . The canonical homomorphism
is locally epic. Set
Clearly the image of π k+2 (Ψ, Ψ| ∂U ) in π k+1 (Ψ| ∂U ) is a pre-Lagrangian of α 1 .
If ∂X = ∅, we reduce the proof to the case with boundary. Let y 0 be a point in Y reg . Then G-acts freely on the G-orbit Gy 0 . Without loss of generality, we can suppose f is transverse regular to {y 0 }. Since f is of degree one, the number of points in f (i) Let f f f be a degree-one, G-framed map. As in the case for f f f , we have a degree-one, k-connected, G-framed map f f f k which is G-framed cobordant relatively to the boundary and the singular set to f f f . Then by definition, σ CS (f f f ) = σ(f f f k ). If f f f is G-framed cobordant relatively to the boundary and the singular set to f f f then f f f k is so to f f f k . By Theorem 4.2, σ(f f f k ) = σ(f f f k ) and hence σ CS (f f f ) = σ CS (f f f ).
